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KÄHLER-EINSTEIN METRICS FOR SOME QUASI-SMOOTH
LOG DEL PEZZO SURFACES

CAROLINA ARAUJO

Abstract. Recently Johnson and Kollár determined the complete list of anti-
canonically embedded quasi-smooth log del Pezzo surfaces in weighted projec-
tive 3-spaces. They also proved that many of those surfaces admit a Kähler-
Einstein metric, and that some of them do not have tigers.

The aim of this paper is to settle the question of the existence of Kähler-
Einstein metrics and tigers for those surfaces for which the question was left
open. In order to do so, we will use techniques developed earlier by Nadel,
Demailly and Kollár.

1. Introduction

Recently Johnson and Kollár determined the complete list of anticanonically em-
bedded quasi-smooth log del Pezzo surfaces in weighted projective 3-spaces [JK].
Then, using techniques developed earlier by Demailly and Kollár [DK], they proved
that many of those surfaces admit a Kähler-Einstein metric, and that some of
them do not have tigers. Later Boyer, Galicki and Nakamaye showed the existence
of Kähler-Einstein metrics for a general surface of degree 16 in weighted projec-
tive space with weights 1, 3, 5, 8 [BGN1]. Moreover, it follows from their ([BGN2],
Corollary 5.3) that a general surface of degree 18 in weighted projective space with
weights 2, 3, 5, 9 also admits a Kähler-Einstein metric. These were two of the log
del Pezzo surfaces for which the question was left open by Johnson and Kollár.

The aim of this paper is to settle the question of the existence of Kähler-Einstein
metrics and tigers for those surfaces in [JK] for which the question was still open.
In order to show the existence of Kähler-Einstein metrics for these surfaces, we will
use a criterion described in the work of Nadel [Na] and Demailly and Kollár [DK].

2. Anticanonically embedded quasi-smooth log del Pezzo surfaces

in weighted projective 3-spaces

For positive integers qi let P(q0, q1, q2, q3) denote the weighted projective 3-space
with weights q0, q1, q2, q3. (See [Dol] or [Fle] for basic definitions and results.)
When there is no ambiguity, we abbreviate P = P(q0, q1, q2, q3). We always assume
that any 3 of the qi are relatively prime. Let x0, x1, x2, x3 denote the corresponding
weighted projective coordinates. P(q0, q1, q2, q3) can be viewed as the quotient

C4 \ {0} / C∗(q0, q1, q2, q3),

Received by the editors December 12, 2001.
2000 Mathematics Subject Classification. Primary 14Q10, 32Q20.
Partial financial support was provided by CNPq (Conselho Nacional de Desenvolvimento

Cient́ıfico e Tecnológico - Brazil).

c©2002 American Mathematical Society

4303



4304 CAROLINA ARAUJO

where C∗(q0, q1, q2, q3) denotes the C∗-action on C4 \ {0} given by

(z0, z1, z2, z3) 7→ (tq0z0, t
q1z1, t

q2z2, t
q3z3).

The action of C∗ on C4\{0} induces the action Zqi(qj , qk, ql) on Vi = {zi = 1} ⊂ C4

which, after identifying Vi with C3, can be written as

(zj, zk, zl) 7→ (ξqj zj , ξqkzk, ξqlzl),

where ξ is a primitive qith root of unity. Hence the affine chart Ui ⊂ P where
xi 6= 0 can be identified with

C3/Zqi(qj , qk, ql).

These are called the orbifold charts. Write pi : C3 → Ui for the natural projection.
P(q0, q1, q2, q3) has an index qi singularity at Pi = (xj = 0)j 6=i, and an index

(qi, qj) singularity along the line (xk = 0)k 6=i,j .
For every d ∈ Z there is a rank 1 sheaf OP(d), and the sections of OP(d) consist

of the homogeneous polynomials f(x0, x1, x2, x3) of weighted degree d.
Let X = Xd be a member of |OP(d)|. If X does not contain any of the singular

lines of P, then the adjunction formula

KX
∼= OP(KP +X)|X ∼= OP(d− (q0 + q1 + q2 + q3))|X

holds.
A log del Pezzo surface is a projective surface with quotient singularities such

that its anticanonical class is ample.
If X does not contain any of the singular lines, then, by the adjunction formula,

its anticanonical class is ample if and only if d < q0 + q1 + q2 + q3. Here we are
interested in the case when d is as large as possible, i.e., d = q0 + q1 + q2 + q3 − 1.
In this case we say that X is anticanonically embedded in P(q0, q1, q2, q3).

We say that X is quasi-smooth if the pre-image of X under the quotient map

C4 \ {0} → C4 \ {0} / C∗(q0, q1, q2, q3) = P(q0, q1, q2, q3)

is smooth.
We write conditions on the weights q0, q1, q2, q3 for the general surface Xd ⊂

P(q0, q1, q2, q3) of degree d = q0 + q1 + q2 + q3 − 1 to be quasi-smooth, and for the
adjunction formula to hold. These conditions then imply that the general Xd is an
anticanonically embedded quasi-smooth log del Pezzo surface:

Conditions 2.1. For Xd to be quasi-smooth (see [Fle], 8.5):

1. for every i there is a j and a monomial xmii xj of degree d;
2. for all distinct i and j, either there is a monomial xbii x

bj
j of degree d, or there

are monomials xcii x
cj
j xk and xdii x

dj
j xl of degree d, with k and l distinct.

For Xd not to contain any of the singular lines of P (which implies that the
adjunction formula holds):

3. for all distinct i and j such that (qi, qj) > 1, there is a monomial xbii x
bj
j of

degree d.

Notation 2.2. Given a monomial M , and a polynomial f , we write M ∈ f if the
coefficient of M in f is nonzero.
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3. Tigers and the existence of Kähler-Einstein metrics

We start this section by giving some definitions from the log category. We refer
to [KM] for a detailed introduction.

Definition 3.1. Let X be a normal surface, and D a Q-divisor on X such that
m(KX + D) is Cartier for some m > 0. Let f : Y → X be a proper birational
morphism from a smooth surface Y . Then there is a unique Q-divisor

∑
eiEi on

Y such that

KY ≡ f∗(KX +D) +
∑

eiEi and f∗
∑

eiEi = −D.

We say that the pair (X,D) is canonical (resp. klt, resp. log canonical) if ei ≥ 0
(resp. ei > −1, resp. ei ≥ −1) for every f and every i.

Remark 3.2. If (X,D) and (X,D′) are both canonical (resp. klt, resp. log canoni-
cal), then so is (X,αD + (1 − α)D′) for any 0 ≤ α ≤ 1. This is a very easy result,
but it will be very useful in our applications.

Definition 3.3 ([KMcK]). Let X be a normal surface. A tiger on X is an effective
Q-divisor D ≡ −KX such that (X,D) is not klt.

We use the following sufficient condition for the existence of a Kähler-Einstein
metric on log del Pezzo surfaces:

Theorem 3.4 ([Na], [DK]). Let X be a log del Pezzo surface. If there is an ε > 0
such that (X, 2+ε

3 D) is klt for every effective Q-divisor D ≡ −KX, then X admits
a Kähler-Einstein metric.

In order to prove the existence of a Kähler-Einstein metric (resp. the nonexis-
tence of tigers) for a surface Xd ⊂ P(q0, q1, q2, q3), we will show that, for all effective
Q-divisors D ≡ − 2+ε

3 KX (resp D ≡ KX), (X,D) is klt. The definition of a klt pair
(X,D), however, involves understanding all resolutions of singularities of (X,D).
Instead, we will use the following multiplicity conditions:

Conditions 3.5 ([JK]). Let X = Xd be a hypersurface of weighted degree d in
P(q0, q1, q2, q3), and assume that X is quasi-smooth and has only isolated (quotient)
singularities. Write

pi : C3 → Ui = (xi 6= 0) ∼= C3/Zqi(qj , qk, ql)
for the natural projections to the orbifold charts. For an effective Q-divisor D on
X, (X,D) is klt provided that the following 3 conditions hold:

0. D does not contain any irreducible component with coefficient ≥ 1;
1. for every smooth point P ∈ X, multPD ≤ 1;
2. for every singular point P ∈ X ∩ Ui, multQp∗iD ≤ 1, where pi(Q) = P .

In our applications, condition (3.5.0) can be verified right away. To check the
other 2 conditions, we will bound the multiplicities above by suitable intersection
numbers.

3.1. The Smooth Points. Let P ∈ X0, the nonsingular locus of X . Suppose we
can find a positive integer l such that, for any effective Q-divisor D ≡ −KX , there
is a divisor F ∈ |OX(l)| such that:

1. F = F ′ +B, where F ′ is an effective Weil divisor, and B is nef;
2. F ′ passes through P ;
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3. F ′ does not contain any irreducible component of D.
Then we can intersect D with F ′, and obtain:

multPD ≤ (D · F ′) ≤ (D · F ) =
ld

q0q1q2q3
.

We would like this bound to be≤ 1 in order to verify Condition 3.5.1. Unfortunately
in most of the cases we cannot choose an l that works for all P ∈ X0. Instead, we
will find an l that works for a dense open set of X0, say X0 \C, and then show by
other methods that multPD ≤ 1 for P ∈ C ∩X0.

Lemma 3.6. Let P = P(q0, . . . , qn) denote the weighted projectice n-space with
weights q0, . . . , qn. Let l be a positive integer such that for every i 6= 0 there are
at least 2 distinct monomials in H0(P,OP(l)) of the form xα0x

β
i . Then, for every

P ∈ P \ (x0 = 0), and every divisor D on P, there is a divisor F ∈ |OP(l)| that
can be written as F = F ′ + a(x0 = 0), where a is a nonnegative integer, and F ′

is an effective Weil divisor passing through P and not containing any irreducible
component of D.

Proof. We choose from each irreducible component Dj of D, Dj 6⊂ (x0 = 0), a
point Qj ∈ Dj \ (x0 = 0) (later we will impose a further condition on the Qj). We
shall prove that there is a polynomial Fj ∈ H0(P,OP(l)) that vanishes at P but
not at Qj. We then choose F to be a suitable linear combination of the Fj .

Let Q = Qj . Fix representations P = (1 : a1 : . . . : an) and Q = (1 : b1 :
· · · : bn) in weighted projective coordinates (notice that these representations are
not unique). If ai = 0 6= bi or ai 6= 0 = bi for some i, then it is easy to find a
polynomial in H0(P,OP(l)) that vanishes at P but not at Q. So we assume that
for every i, either ai = 0 = bi or ai 6= 0 6= bi.

For each i 6= 0 fix xαi0 xβii and xγi0 x
δi
i distinct monomials in H0(P,OP(l)), and

assume δi > βi. Define:

Hi = aδii x
αi
0 xβii − aβii x

γi
0 x

δi
i ∈ H0(P,OP(l)).

Then Hi(P ) = 0, and Hi(Q) = 0 if and only if bi = ζiai, where ζδi−βii = 1.
Therefore, if Q is outside the finite set {(1 : ζ1a1 : . . . : ζnan) | ζδi−βii = 1} (and

we can certainly impose that condition when we choose the Qj above), we get a
polynomial in H0(P,OP(l)) that vanishes at P but not at Q.

Now we will use Lemma 3.6 to find a linear system |OXd(l)| on Xd that will give
us a bound for multPD, at least for P ∈ Xd ∩ (x0 6= 0).

Corollary 3.7. Let X = Xd ⊂ P(q0, q1, q2, q3) be an anticanonically embedded
quasi-smooth log del Pezzo surface. Let π3 : X → P = P(q0, q1, q2) denote the
projection from P3 = (0, 0, 0, 1). Assume π3 has only finite fibers. Let l be a positive
integer such that, for i = 1, 2, there are at least 2 monomials in H0(P,OP(l)) of the
form xα0 x

β
i .

Then, for every P ∈ X0 \ (x0 = 0) and every effective Q-divisor D ≡ −KX,
there is a divisor F ∈ |OX(l)| that can be written as F = F ′ + a(x0 = 0), where a
is a nonnegative integer, and F ′ is an effective Weil divisor passing through P and
not containing any irreducible component of D. Hence multPD ≤ ld

q0q1q2q3
.

Proof. Set P ′ = π3(P ) ∈ P, and D′ = π3∗D. By the lemma, there is a divisor
E ∈ |OP(l)| that can be written as E = E′ + a(x0 = 0), where a is a nonnegative
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integer, and E′ is an effective Weil divisor passing through P ′ and not containing
any irreducible component of D′. Since π3 has only finite fibers, we can take F to
be π∗3E ∈ π∗3 |OP(l)| ⊂ |OX(l)|.

Now we have to deal with the smooth points of X in (x0 = 0).

Lemma 3.8. Let X = Xd ⊂ P(q0, q1, q2, q3) be an anticanonically embedded quasi-
smooth log del Pezzo surface. Assume that C = X ∩ (x0 = 0) is irreducible and
smooth outside the singular locus of X. If d ≤ q1q2q3, then for every effective Q-
divisor D ≡ −KX and every P ∈ X0 ∩ C we have multPD ≤ 1.

Proof. Fix P ∈ X0 ∩ C. Since C is smooth outside the singular locus of X ,
multPC = 1. Given D ≡ −KX , write D = αC + (1−αq0)D′, where 0 ≤ α ≤ 1/q0,
D′ ≡ −KX , and C is not contained in the support of D′. Then

multPD
′ ≤ (C ·D′) ≤ d

q1q2q3
≤ 1,

and hence multPD ≤ α+ (1 − q0α) ≤ 1.

Now we put these results together to obtain conditions on the weights qi for
every effective Q-divisor D ≡ −KXd to have multiplicity ≤ 1 at the smooth points
of Xd.

Lemma 3.9. Let X = Xd ⊂ P(q0, q1, q2, q3) be an anticanonically embedded quasi-
smooth log del Pezzo surface. Let f be the defining polynomial of Xd in P(q0, q1,
q2, q3). Assume that:

1. the curve C = X ∩ (x0 = 0) is irreducible and smooth outside the singular
locus of X;

2. xa3 ∈ f for some a ∈ Z, a ≥ 1;
3. d ≤ min{q1, q2} · q3.

Then multPD ≤ 1 for every smooth point P ∈ X and every Q-divisor D ≡ −KX.

Proof. Let D be a Q-divisor such that D ≡ −KX .
Conditions 3.9.1 and 3.9.3 together with Lemma 3.8 imply that multPD ≤ 1 for

every smooth point P ∈ C.
Condition 3.9.2 implies that the projection π3 has only finite fibers. Thus the

hypotheses of Corollary 3.7 are fulfilled for l = q0 ·max{q1, q2}. (Indeed, assum-
ing q1 ≤ q2, we have that xq20 , x

q2−q1
0 xq01 , x

q0
2 ∈ |OX(q0q2)|.) Thus we get that

multPD ≤ ld
q0q1q2q3

≤ 1 for every P ∈ X0 \ C.

3.2. The Singular Points.

Estimate 3.10. Let X = Xd ⊂ P(q0, q1, q2, q3) be a surface of degree d defined by
the polynomial f . Let P ∈ X ∩ Ui be a singular point, and let pi : (S,Q)→ (X,P )
be a local orbifold chart. Assume that some monomial of the form xai x

b
l ∈ f , where

{i, j, k, l} = {0, 1, 2, 3}. Then, for every effective Q-divisor D ≡ −KX,

multQp
∗
iD ≤ d

min(qj, qk) · ql
.

Proof. Consider the linear system |p∗i (x
qk
j ), p∗i (x

qj
k )| ⊂ p∗i |OX(qjqk)|.
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The assumption that xai x
b
l ∈ f implies that (xj = xk = 0) 6⊂ X . Thus the above

linear system does not have any fixed components. So we can intersect a general
member of it with p∗iD, obtaining:

multQp
∗
iD ≤ qi

min(qj , qk)
(D · OX(qjqk)) =

d

min(qj , qk) · ql
.

When this bound is > 1 but ≤ 2, we can look closer at what happens near Q,
that is, we can blow-up this point and then use Shokurov’s Inversion of Adjunction:

Theorem 3.11 ([KM], 5.50). Let S be a smooth surface, Q ∈ S, and B be an
effectice Q-divisor such that multQB ≤ 2. Let π : S′ → S be the blow-up of Q with
exceptional divisor E. If (π−1

∗ (B))|E is a sum of points, all with coefficients ≤ 1,
then (S,B) is log canonical at Q.

4. The Main Result

In this section we answer the question of the existence of Kähler-Einstein metrics
and tigers for the six surfaces in [JK] for which the question was still unsolved. In
Theorem 4.1 below, the existence of a Kähler-Einstein metric was not known for
the first two families of surfaces, X10 ⊂ P(1, 2, 3, 5) and X15 ⊂ P(1, 3, 5, 7). As for
the remaining ones, it was not known if they could have tigers.

Theorem 4.1. Let Xd ⊂ P(q0, q1, q2, q3) denote any anticanonically embedded
quasi-smooth log del Pezzo surface in the weighted projective 3-space with weights
q0, q1, q2, q3. Then:

1. X10 ⊂ P(1, 2, 3, 5) admits a Kähler-Einstein metric.
2. X15 ⊂ P(1, 3, 5, 7) admits a Kähler-Einstein metric provided that the coeffi-

cient of the monomial x1x2x3 in the equation of X15 is nonzero.
3. X18 ⊂ P(2, 3, 5, 9) does not have a tiger.
4. X25 ⊂ P(3, 5, 7, 11) does not have a tiger.
5. X28 ⊂ P(3, 5, 7, 14) does not have a tiger.
6. X36 ⊂ P(3, 5, 11, 18) does not have a tiger.

Remarks 4.2. 1. The nonexistence of tigers on the last four families of surfaces
implies that these surfaces admit a Kähler-Einstein metric.

2. (x0 = 0) is a tiger on the surfaces in (4.1.1) and (4.1.2).

3. In (4.1.2), if the coefficient of x1x2x3 in the equation of X15 is zero, then the
criterion of Theorem 3.4 does not apply. Indeed, c · (x0 = 0) is not klt for any
c > 8/15. However, it is possible that even in this case, X15 admits a Kähler-
Einstein metric.

Proof. Let f denote the defining polynomial of X = Xd in P(q0, q1, q2, q3).
1. X10 ⊂ P(1, 2, 3, 5).
The polynomial f is a linear combination of the monomials in |OP(1,2,3,5)(10)|.

Since X is quasi-smooth, we can apply Condition 2.1.1 with i = 1, 2, 3 and conclude
that x5

1, x0x
3
2, x

2
3 ∈ f .

Let C = X ∩ (x0 = 0). It is easy to see that the only monomials of the form
xa1

1 xa2
2 xa3

3 in |OP(1,2,3,5)(10)| are x5
1, x2

1x
2
2, x1x2x3, and x2

3. Hence, after rescaling,
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the equations for C in P(1, 2, 3, 5) become:

x0 = 0,(1)

x5
1 + ax2

1x
2
2 + bx1x2x3 + x2

3 = x5
1 + (αx1x2 + x3)(βx1x2 + x3) = 0.

We see that C is irreducible and smooth outside the singular locus of X .
Let D ≡ −KX be an effective Q-divisor. We shall show that (X, 7

10D) is log
canonical. This is more than enough to apply Theorem 3.4 and then conclude that
X admits a Kähler-Einstein metric.

First let us consider the smooth points of X . As we have seen above, C is irre-
ducible and smooth on X0, and x2

3 ∈ f . So we can apply Lemma 3.9 to conclude
that D has multiplicity ≤ 1 at the smooth points of X . Therefore, by Condi-
tion 3.5.1, (X, 7

10D) is log canonical (in fact klt) at the smooth points of X .
Now let us consider the singular points of X . These are the singular points

of P(1, 2, 3, 5) that lie on X (since X is quasi-smooth). The singular points of
P(1, 2, 3, 5) are P1 = (0 : 1 : 0 : 0), P2 = (0 : 0 : 1 : 0), and P3 = (0 : 0 : 0 : 1). Since
x5

1, x
2
3 ∈ f , the points P1 and P3 do not lie on X . Since there is no pure power of

x2 in |OP(1,2,3,5)(10)|, P2 ∈ X , and it is the only singular point of X . Let

p2 : (C3, Q2 = 0) → (U2 = (x2 6= 0), P2)

denote the natural projection to the orbifold chart.
Write D = λC + (1 − λ)D′, with 0 ≤ λ ≤ 1, D′ ≡ −KX , and C not contained

in the support of D′. By Remark 3.2, it is enough to show that both (X, 7
10C) and

(X, 7
10D

′) are log canonical.
From the equations (1) above, we see that multQ2p

∗
2C = 2, and thus we can use

Shokurov’s inversion of adjunction. Let the notation be as in Theorem 3.11. We
have 2 cases: If α 6= β, then p∗2C has a simple node at Q2, and (π−1

∗ (p∗2C))|E is
a sum of 2 points, each with coefficient 1. In this case, (X,C) is log canonical at
P2. If α = β, then p∗2C has only one tangent direction at Q2, and (π−1

∗ (p∗2C))|E
is a single point, with coefficient 2. In this case, (X,C) is not log canonical at P2.
However, using ([Kol],8.15) and ([Kol],5.20), we see that (X, 7

10C) is log canonical
at P2.

Now for D′ we have:

multQ2p
∗
2D
′ ≤ 1

2 (p∗2D
′ · p∗2C) ≤ 3

2 (D′ · C) = 1
2 ,

and hence (X, 7
10D

′) is log canonical at P2.
2. X15 ⊂ P(1, 3, 5, 7).
Let C = X ∩ (x0 = 0) ≡ −KX . The only monomials of the form xa1

1 xa2
2 xa3

3 in
|OP(1,3,5,7)(15)| are x5

1, x1x2x3, and x3
2. Condition 2.1.1 for i = 1, 2 implies that

x5
1, x

3
2 ∈ f . If x1x2x3 /∈ f , then, after rescaling, the equations of C in P(1, 3, 5, 7)

become:

x0 = 0, x5
1 + x3

2 = 0,

and (X, 2
3C) is not klt. (To see this, notice that (S = p−1

3 (X), p∗3(2
3C)) is not

klt by ([Kol], 8.15), and then apply ([Kol], 5.20).) In this case, the criterion of
Theorem 3.4 cannot be applied. From now on we assume that x1x2x3 ∈ f . Then,
after rescaling, the equations of C in P(1, 3, 5, 7) become:

x0 = 0, x5
1 + x1x2x3 + x3

2 = 0.(2)

One sees easily that C is irreducible and smooth on X0.
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Let D ≡ −KX be an effective Q-divisor. We shall show that (X,D) is log
canonical. This is more than enough to apply Theorem 3.4.

As we have seen above, x3
2 ∈ f , and C is irreducible and smooth outside the

singular locus of X . Thus we can apply Lemma 3.9 for X15 ⊂ P(1, 3, 7, 5), and
conclude that (X,D) is log canonical at the smooth points of X .
P3 = (0 : 0 : 0 : 1) is the only singular point of X . Write D = αC + (1 − α)D′,

with 0 ≤ α ≤ 1, D ≡ −KX , and C not contained in the support of D′. We just
need to show that both (X,C) and (X,D′) are log canonical at P3.

From the equations (2) above, we see that p∗3C has a simple node at Q3. So
multQ3p

∗
3C = 2, and we can use Shokurov’s inversion of adjunction. Let the no-

tation be as in Theorem 3.11. Then (π−1
∗ (p∗3C))|E is a sum of 2 points, each with

coefficient 1. We conclude that (X,C) is log canonical at P3.
Now for D′ we have:

multQ3p
∗
3D
′ ≤ 1

2 (p∗3D
′ · p∗3C) ≤ 7

2 (D′ · C) = 1
2 ,

and hence (X,D′) is log canonical at P3.
3. X18 ⊂ P(2, 3, 5, 9).
Condition 2.1.1 for i = 2, 3 implies that x1x

3
2, x

2
3 ∈ f . After rescaling, the

equations for C = X ∩ (x0 = 0) can be written as:

x0 = 0, x2
3 + x1x

3
2 + ax6

1 + bx3 = 0.

C is irreducible and smooth outside the singular locus of X .
Let D ≡ −KX be an effective Q-divisor. We will show that (X,D) is klt.
We apply Lemma 3.9 to conclude that D is klt at the smooth points of X .
The singular points of X are P2 = (0 : 0 : 1 : 0) and Pλ = (0 : 1 : 0 : λ),

where λ satisfies λ2 + bλ+ a = 0. Estimate 3.10 shows that multQ2p
∗
2D ≤ 1 (here

take (i, j, k, l) = (2, 0, 1, 3)), and multQλp
∗
1D ≤ 1 (here take (i, j, k, l) = (1, 0, 2, 3)).

Thus D is klt at the singular points of X .
4. X25 ⊂ P(3, 5, 7, 11).
Condition 2.1.1 for i = 1, 2, 3 implies that x5

1, x
2
2x3, x0x

2
3 ∈ f . After rescaling we

can write the equations for C = X ∩ (x0 = 0) ∈ |OX(3)| as:

x0 = 0, x5
1 + x2

2x3 = 0.(3)

We see that C is irreducible and smooth outside the singular locus of X .
Let D ≡ −KX be an effective Q-divisor.
We apply Lemma 3.9 to X25 ⊂ P(3, 7, 11, 5), and conclude that D is klt at the

smooth points of X .
The singular points of X are P0 = (1 : 0 : 0 : 0), P2 = (0 : 0 : 1 : 0) and P3 =

(0 : 0 : 0 : 1). Estimate 3.10 takes care of P0 and P2 (take (i, j, k, l) = (0, 1, 2, 3)
and (2, 0, 1, 3) respectively), but it only gives that multQ3p

∗
3D ≤ 25/21 (here take

(i, j, k, l) = (3, 0, 1, 2)). We can improve this bound:
From the equations (3) above, we see that p∗3C ∼= (y5

1 + y2
2 = 0) ⊂ C2

(y1,y2), and
so multQ3p

∗
3C = 2. Write D = αC + (1 − 3α)D′, where 0 ≤ α ≤ 1/3, D′ ≡ −KX ,

and C is not contained in the support of D′. Then:

multQ3p
∗
3D
′ ≤ 1

2 (p∗3C · p∗3D′) ≤ 11
2 (OX(3) · OX(1)) = 5

14 .

So multQ3p
∗
3D ≤ 2/3, and we have taken care of all singular points.

5. X28 ⊂ P(3, 5, 7, 14).
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Condition 2.1.1 for i = 1, 3 implies that x0x
5
1, x

2
3 ∈ f . For i = 2, it implies that

either x4
2 ∈ f or x2

2x3 ∈ f . After rescaling, the equations for C = X ∩ (x0 = 0)
become:

x0 = 0, x2
3 + ax2

2x3 + bx4
2 = (x3 + αx2

2)(x3 + βx2
2) = 0.

We see that C is the union of 2 irreducible components.
Let D ≡ −KX be an effective Q-divisor.
We can apply Corollary 3.7 with l = 21 (indeed, x2

3 ∈ f implies that π3 has finite
fibers, and x7

0, x
2
0x

3
1, x

3
2 ∈ |OP(3,5,7,14)(21)|), and conclude that multPD ≤ 2/5 for

every smooth point P ∈ X \ (x0 = 0). Since C is reducible, we cannot apply
Lemma 3.9. Instead we apply Corollary 3.7 again with x0 and x2 interchanged,
and l = 35 (π3 has finite fibers, and x5

2, x
7
1, x

2
2x

7
0 ∈ |OP(3,5,7,14)(35)|). This shows

that for every smooth point P ∈ X \ (x2 = 0), multPD ≤ 2/3. Since X ∩ (x0 =
0) ∩ (x2 = 0) = {P1}, this takes care of all smooth points of X .

The singular points of X are P0 = (1 : 0 : 0 : 0), P1 = (0 : 1 : 0 : 0) and
Pλ = (0 : 0 : 1 : λ), where λ satisfies λ2 + aλ + b = 0. Estimate 3.10 shows that
Condition 3.5.2 for the singular points is satisfied.

6. X36 ⊂ P(3, 5, 11, 18).
Condition 2.1.1 for i = 1, 3 implies that x5

1x2, x
2
3 ∈ f . After rescaling, we can

write the equations for C as:

x0 = 0, x5
1x2 + x2

3 = 0.

We see that C is irreducible and smooth outside the singular locus of X .
Let D ≡ −KX be an effective Q-divisor.
Lemma 3.9 shows that D is klt at the smooth points of X .
The singular points of X are P1 = (0 : 1 : 0 : 0), P2 = (0 : 0 : 1 : 0) and

Pλ = (1 : 0 : 0 : λ), where λ satisfies λ2 + aλ + b = 0. Here a and b are the
coefficients of x6

0x3 and x12
0 in f respectively, and we still assume that the coefficient

of x2
3 in f is 1. Estimate 3.10 shows that Condition 3.5.2 for the singular points is

satisfied.
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École Norm. Sup. Paris 34 (2001), 525–556. MR 2002e:32032
[Dol] I. Dolgachev: Weighted projective varieties, in Group actions and vector fields, Springer

Lecture Notes in Math., vol. 956, (1982) 34-71. MR 85g:14060
[Fle] A. R. Fletcher: Working with weighted complete intersections, in Explicit birational

geometry of 3-folds, A. Corti and M. Reid, eds., Cambridge Univ. Press. (2000) 101-173.
MR 2001f:14004

http://www.ams.org/mathscinet-getitem?mr=2002e:32032
http://www.ams.org/mathscinet-getitem?mr=85g:14060
http://www.ams.org/mathscinet-getitem?mr=2001f:14004


4312 CAROLINA ARAUJO

[JK] J. M. Johnson and J. Kollár: Kähler-Einstein metrics on log del Pezzo surfaces in
weighted projective 3-spaces. Preprint AG/0008129 (2000), Ann. Inst. Fourier (Grenoble)
51 (2001), 69–79. MR 2002b:32041

[KMcK] S. Keel and J. McKernan: Rational curves on quasi-projective surfaces. Mem. Amer.
Math. Soc. 140 (1999), no. 669. MR 99m:14068

[Kol] J. Kollár: Singularities of pairs, Algebraic Geometry, Santa Cruz, 1995, Proc. Sympos.
Pure Math. vol. 62, Amer. Math. Soc., (1997) 221-287. MR 99m:14033

[KM] J. Kollár and S. Mori: Birational geometry of algebraic varieties, Cambridge Univ. Press
(1998). MR 2000b:14018

[Na] A. M. Nadel: Multiplier ideal sheaves and Kähler-Einstein metrics of positive scalar
curvature, Annals of Math. 132, (1990) 549-596. MR 92d:32038

Mathematics Department, Princeton University, Princeton, New Jersey 08544

E-mail address: caraujo@math.princeton.edu

http://www.ams.org/mathscinet-getitem?mr=2002b:32041
http://www.ams.org/mathscinet-getitem?mr=99m:14068
http://www.ams.org/mathscinet-getitem?mr=99m:14033
http://www.ams.org/mathscinet-getitem?mr=2000b:14018
http://www.ams.org/mathscinet-getitem?mr=92d:32038

	1. Introduction
	2. Anticanonically embedded quasi-smooth log del Pezzo surfaces in weighted projective 3-spaces
	3. Tigers and the existence of Kähler-Einstein metrics
	3.1. The Smooth Points
	3.2. The Singular Points

	4. The Main Result
	Acknowledgements
	References

